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Multiplicity one for certain paramodular forms of genus two
Mirko Rösner Rainer Weissauer
We show that certain paramodular cuspidal automorphic irreducible rep-
resentations of GSp(4,AQ), which are not CAP, are globally generic. This
implies a multiplicity one theorem for paramodular cuspidal automorphic
representations. Our proof relies on a reasonable hypothesis concerning
the non-vanishing of central values of automorphic L-series.
1 Introduction
Atkin-Lehner theory defines a one-to-one correspondence between cuspidal automor-
phic irreducible representations of GL(2,AQ) with archimedean factor in the discrete
series and normalized holomorphic elliptic cuspidal newforms on the upper half plane,
that are eigenforms for the Hecke algebra. As an analogue for the symplectic group
GSp(4,AQ), a local theory of newforms has been developed by Roberts and Schmidt
[RS07] with respect to paramodular groups.
However, still lacking for this theory is the information whether paramodular cuspidal
automorphic irreducible representations of GSp(4,AQ) occur in the cuspidal spectrum
with multiplicity one. Furthermore, holomorphic paramodular cusp forms, i.e. those
invariant under some paramodular subgroup of Sp(4,Q), do not describe all holomor-
phic Siegel modular cusp forms. Indeed, at least if the weight of the modular forms
is high enough, one is lead to conjecture that the paramodular holomorphic cusp
forms exactly correspond to those holomorphic modular cusp forms for which their
local non-archimedean representations, considered from an automorphic point of view,
are generic representations. Under certain technical restrictions, we show that this is
indeed the case.
To be more precise, suppose Π =
⊗
v Πv is a paramodular cuspidal automorphic irre-
ducible representation of GSp(4,AQ) of odd paramodular level, which is not CAP and
whose archimedean factor Π∞ is in the discrete series. Then under the assumption
of the hypothesis below we prove that the local representations Πv are generic at all
non-archimedean places v. The restriction to odd paramodular level comes from Danis-
man [D14] and can probably be removed. Furthermore, we show that the hypothesis
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implies that Π occurs in the cuspidal spectrum with multiplicity one and is uniquely
determined by almost all of its local factor representations. The hypothesis imposed
concerns the non-vanishing of central L-values and is crucial for our approach.
Hypothesis 1.1. Suppose Π is a globally generic unitary cuspidal automorphic irre-
ducible representation of GSp(4,AQ) and α and β > 0 are real numbers. Then there
is a unitary idele class character µ : Q×\A×Q → C×, locally trivial at a prescribed
non-archimedean place of Q, such that the twisted Novodvorsky L-function
LNvd(Π, µ, s) (1)
does not vanish at s = 1/2 + i(α+ kβ) for some integer k.
The analogous hypothesis for the groupGL(4) would imply our hypothesis, see Prop. 4.4.
The corresponding statement for GL(2) is well-known [Wa91, Thm. 4]. For GL(r),
r = 1, 2, 3, compare [FH95], [HK10]. An approximative result for GL(4) has been
shown by Barthel and Ramakrishnan [BR94], later improved by Luo [L05]: Given a uni-
tary globally generic cuspidal automorphic irreducible representation Π of GL(4,AQ),
a finite set S of Q-places and a complex number s0 with Re(s0) 6= 1/2 there are
infinitely many Dirichlet characters µ such that µv is unramified for v ∈ S and the
completed L-function Λ((µ ◦ det)⊗Π, s) does not vanish at s = s0.
We remark, there is good evidence for our result (Thm. 4.5) on genericity of paramodu-
lar representations. In fact, the generalized strong Ramanujan conjecture for cuspidal
automorphic irreducible representations Π = ⊗′vΠv of GSp(4,AQ) (not CAP) predicts
that every local representation Πv should be tempered. But paramodular tempered
local representations Πv at non-archimedean places are always generic by Lemma 3.2.
2 Preliminaries
The group G = GSp(4) (symplectic similitudes of genus two) is defined over Z by the
equation
gtJg = λJ
for (g, λ) ∈ GL(4) × GL(1) and J = ( 0 w−w 0 ) with w = ( 0 11 0 ). Since λ is uniquely
determined by g, we write g for (g, λ) and obtain the similitude character
sim : GSp(4)→ GL(1) , g 7→ λ.
Fix a totally real number field F/Q with integers o and adele ring AF = A∞×Afin. For
the profinite completion of o we write ofin ⊆ Afin. The paramodular group Kpara(a) ⊆
GSp(4,Afin) attached to a non-zero ideal a ⊆ o is the group of all
g ∈


ofin ofin ofin a
−1ofin
aofin ofin ofin ofin
aofin ofin ofin ofin
aofin aofin aofin ofin

 ∩GSp(4,Afin), sim(g) ∈ o×fin.
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An irreducible smooth representation Π = Π∞⊗Πfin of GSp(4,AF ) is called paramod-
ular if Πfin admits non-zero invariants under some paramodular group K
para(a).
Two irreducible automorphic representations are said to be weakly equivalent if they
are locally isomorphic at almost every place. A cuspidal automorphic irreducible rep-
resentation of GSp(4) is CAP if it is weakly equivalent to a constituent of a globally
parabolically induced representation from a cuspidal representation of the Levi quo-
tient of a proper parabolic subgroup. In that case we say that Π is strongly associated
to this parabolic. The standard Borel B, Siegel parahoric P and Klingen parabolic Q
are
B =
(
∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗
∗
)
∩G , P =
(
∗ ∗ ∗ ∗
∗ ∗ ∗ ∗
∗ ∗
∗ ∗
)
∩G , Q =
(
∗ ∗ ∗ ∗
∗ ∗ ∗
∗ ∗ ∗
∗
)
∩G .
3 Poles of local spinor factors
Fix a local nonarchimedean place v of F with completion Fv, valuation character
ν(x) = |x|v for x ∈ Fv, residue field ov/pv of odd order q and uniformizer ̟ ∈ pv.
In this section we consider preunitary irreducible admissible representations Πv of
G = G(Fv). Such a Πv is called paramodular if it admits non-zero invariants under
the local factor Kparav (a) of the paramodular group attached to some non-zero ideal a
of the integers o.
Lemma 3.1. For every paramodular Πv, there is an unramified character ω
′
v of F
×
v ,
such that the twist (ω′v ◦ sim)⊗Πv has trivial central character.
Proof. The intersection of Kparav (a) with the center of G is isomorphic to o
×
v , so the
central character of Πv is unramified.
Lemma 3.2. For tempered preunitary irreducible admissible representations Πv the
following assertions are equivalent:
i) Πv is generic and has unramified central character,
ii) Πv is paramodular.
Proof. By Lemma 3.1, we can assume that Πv has trivial central character. Then this
is a result of Roberts and Schmidt [RS07, 7.5.8].
Recall that for every smooth character χ : F×v → C× the local Tate L-factor is
L(χ, s) =
{
(1− χ(̟)q−s)−1 χ unramified,
1 χ ramified.
For a generic irreducible admissible representation Πv of G and a smooth complex
character µ of F×v , Novodvorsky [N79] has defined a local degree four spinor L-factor
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LNvd(Πv, µ, s). Piatetskii-Shapiro and Soudry [PS97], [PSS81] have extended this con-
struction to a local degree four spinor L-factor LPSS(Πv, µ, s) for infinite-dimensional
irreducible admissible representations of G.
We write LPSS(µΠv, s) for LPSS(Πv, µ, s) = LPSS(µΠv, 1, s). Poles of LPSS(Πv, s) are
called regular if they occur as poles of certain zeta integrals [PSS81, §2]; the other
poles are exceptional.
Lemma 3.3. Suppose the residue characteristic of Fv is odd. For every generic irre-
ducible admissible representation Πv the local factors LNvd(Πv, µ, s) and LPSS(Πv, µ, s)
coincide.
Proof. The local L-factors are products of Tate factors, so they are uniquely deter-
mined by their regular poles [PS97, Thm. 4.4]. The local factor LPSS(Πv, µ, s) is trivial
for generic cuspidal Πv [D14, §5.1], [PS97, 4.3]. For non-cuspidal Πv, the regular poles
have been determined explicitly by Danisman [D14], [D15]. For the Tate factors of
LNvd(Πv, s), see Takloo-Bighash [T94].
The non-cuspidal Πv have been classified by Sally and Tadic [ST94] and we use their
notation. Roberts and Schmidt [RS07] have designated them with roman numerals.
Lemma 3.4. Suppose the residue characteristic of Fv is odd. Let Πv be a preunitary
non-generic irreducible admissible representations of G, that is not one-dimensional.
Then LPSS(Πv, s) has a regular pole on the line Re(s) = 1/2 exactly in the following
cases:
IIb Πv ∼= (χ ◦ det) ⋊ σ for a pair of characters χ, σ that are either both unitary
or satisfy χ2 = ν2β for 0 < β < 12 with unitary χσ. LPSS(s,Πv) contains the
Tate factor L(s, ν−1/2χσ), so poles with Re(s) = 1/2 occur if and only if χσ is
unramified.
IIIb Πv ∼= χ⋊ (σ ◦ det) for unitary characters σ and χ with χ 6= 1. The regular poles
with Re(s) = 1/2 come from the Tate factors L(s, ν−1/2σ) and L(s, ν−1/2σχ) in
LPSS(s,Πv), so they occur for unramified σ or σχ, respectively.
Vb,c Πv ∼= L(ν1/2ξ StGL(2), ν−1/2σ) for unitary characters σ and ξ with ξ2 = 1 6= ξ.
The regular poles with Re(s) = 1/2 come from the Tate factor L(s, ν−1/2σ) and
appear for unramified σ.
Vd Πv ∼= L(νξ, ξ ⋊ ν−1/2σ) for unitary characters σ and ξ with ξ2 = 1 6= ξ. The
regular poles with Re(s) = 1/2 come from the Tate factors L(s, ν−1/2σ) and
L(s, ν−1/2ξσ), and occur for unramified σ or ξσ, respectively.
VIc Πv ∼= L(ν1/2 StGL(2), ν−1/2σ) for unitary σ. The Tate factor L(s, ν−1/2σ) gives
rise to regular poles with Re(s) = 1/2 when σ is unramified.
VId Πv ∼= L(ν, 1⋊ ν−1/2σ) for unitary σ. The Tate factor L(s, ν−1/2σ)2 gives rise to
double regular poles with Re(s) = 1/2 when σ is unramified.
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XIb Πv ∼= L(ν1/2π, ν−1/2σ), where π is a preunitary cuspidal irreducible admissible
representation of GL(2, Fv) with trivial central character and σ is a unitary char-
acter. The regular poles with Re(s) = 1/2 occur with the Tate factor L(s, ν−1/2σ)
when σ is unramified.
Proof. For the non-cuspidal case, see Danisman [D14, Table A.1], [D15, Table A.1].
For cuspidal irreducible Πv, there are no regular poles [D14, §5.1].
Lemma 3.5. A non-generic preunitary irreducible admissible representation Πv of G
is paramodular if and only if it is isomorphic to one of the following:
IIb (χ ◦ det)⋊ σ, for characters χ, σ such that χσ is unramified and either both are
unitary or χ2 = ν2β for 0 < β < 12 with unitary characters χσ,
IIIb χ⋊ (σ ◦ det), for unramified unitary characters χ, σ with χ 6= 1,
IVd σ ◦ sim, for unramified unitary characters σ,
Vb,c L(ν1/2ξ StGL(2), ν
−1/2σ), for ξ with ξ2 = 1 6= ξ and unramified unitary σ,
Vd L(νξ, ξ ⋊ ν−1/2σ), for unramified unitary characters σ, ξ with ξ2 = 1 6= ξ,
VIc L(ν1/2 St, ν−1/2σ), for unramified unitary characters σ,
VId L(ν, 1⋊ ν−1/2σ), for unramified unitary characters σ,
XIb L(ν1/2π, ν−1/2σ), for a cuspidal preunitary irreducible admissible representation
π of GL(2, Fv) with trivial central character and an unramified unitary σ.
Proof. By Lemma 3.1, we can assume that the central character is trivial. For non-
cuspidal Πv, see Tables A.2 and A.12 of Roberts and Schmidt [RS07]. Cuspidal non-
generic preunitary representations are never paramodular by Lemma 3.2.
Proposition 3.6. Suppose the residue characteristic of Fv is odd. Let Πv be a
paramodular preunitary irreducible admissible representation of G, that is not one-
dimensional. The following assertions are equivalent:
i) Πv is non-generic,
ii) the spinor L-factor LPSS(Πv, s) has at least one pole on the line Re(s) = 1/2.
Proof. By the previous two lemmas, for non-generic Πv there is a regular pole on the
line Re(s) = 1/2. If Πv is generic, the Euler factor LPSS(Πv, s) has only regular poles
[PS97, 4.3] and these do not occur on the line Re(s) = 1/2 [T94].
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4 Global genericity
Let F = Q with adele ring A = R×Afin. In the following, suppose Π = Π∞⊗Πfin is a
cuspidal automorphic irreducible representation of GSp(4,A), not CAP, with central
character ωΠ, such that Π∞ belongs to the discrete series. We want to show that if Π
is paramodular, then Πv is locally generic at every nonarchimedean place v.
Recall that the product LPSS(Π, s) =
∏
v LPSS(Πv, s) converges for s in a right half
plane and admits a meromorphic continuation to C [PS97, Thm. 5.3]. This is the global
degree four spinor L-series of Piatetskii-Shapiro and Soudry. It satisfies a functional
equation
LPSS(Π, s) = ǫ(Π, s)LPSS(Π
∨, 1− s) (2)
where Π∨ ∼= Π⊗ (ω−1Π ◦ sim) is the contragredient.
Proposition 4.1 (Generalized Ramanujan). The spherical local factors Πv of Πfin
are isomorphic to irreducible tempered principal series representations χ1×χ2⋊σ for
unramified unitary complex characters χ1, χ2, σ of Qv.
Proof. See [We09, Thm. 3.3].
Proposition 4.2. Π is weakly equivalent to a unique globally generic cuspidal automor-
phic irreducible representation Πgen of GSp(4,A) whose archimedean local component
Πgen,∞ is in the local archimedean L-packet of Π∞. The lift Π 7→ Πgen commutes with
character twists by unitary idele class characters. The central characters of Πgen and
Π coincide.
Proof. See [We05a, Thm. 1]; the proof relies on certain Hypotheses A and B shown in
[We09]. The lift commutes with twists because Πgen is unique. The central characters
are weakly equivalent, so they coincide globally by strong multiplicity one for GL(1,A).
Proposition 4.3. If Π is not a weak endoscopic lift, then Π∞ is contained in an
archimedean local L-packet {Π+
∞
,Π−
∞
} such that the multiplicities of Π+
∞
⊗ Πfin and
Π−
∞
⊗Πfin in the cuspidal spectrum coincide.
Proof. By Prop. 4.2, Π is weakly equivalent to a globally generic representation Π′ of
GSp(4,A), which satisfies multiplicity one [JS07]. Now [We05b, Prop. 1.5] implies the
statement.
Proposition 4.4. Suppose Π is globally generic. Then there is a unique globally
generic automorphic irreducible representation Π˜ of GL(4,A) with partial Rankin-
Selberg L-function
LS(Π˜, s) = LSPSS(Π, s)
for a sufficiently large set S of places. This lift is local in the sense that Π˜v only
depends on Πv. It commutes with character twists by unitary idele class characters.
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Proof. For the existence and locality of the lift, see Asgari and Shahidi [AS06]; unique-
ness follows from strong multiplicity one for GL(4). It remains to be shown that Π 7→ Π˜
commutes with character twists. Indeed, by Prop. 4.1, almost every local factor is of
the form Πv ∼= χ1 × χ2 ⋊ σ with unitary unramified characters χ1, χ2, σ. Its local lift
Π˜v is the parabolically induced GL(4,A)-representation
Π˜v ∼= χ1χ2σ × χ1σ × χ2σ × σ ,
[AS06, Prop. 2.5]. Therefore, the lift Πv 7→ Π˜v commutes with local character twists
at almost every place. Strong multiplicity one for GL(4) implies the statement.
Theorem 4.5. Suppose Π =
⊗
v Πv is a paramodular unitary cuspidal irreducible
automorphic representation of GSp(4,AQ) that is not CAP nor weak endoscopic. We
assume that Π∞ is in the discrete series, that the local factor Π2 is spherical and that
Hypothesis 1.1 holds. Then Πv is locally generic at all nonarchimedean places v.
Proof. Denote by ΠW
∞
the generic constituent of the archimedean L-packet attached to
Π∞. By Prop. 4.3 the irreducible representation Π
′ = ΠW
∞
⊗Πfin is cuspidal automor-
phic again. By Prop. 4.2 there is a globally generic cuspidal automorphic irreducible
representation Πgen, weakly equivalent to Π, such that Πgen,∞ is isomorphic to Π
W
∞
.
Since Π′ and Πgen are weakly equivalent, there is a finite set S of non-archimedean
places such that Πgen,v is isomorphic to Πv for every place outside of S. This implies
LPSS(Π
′, s)
LPSS(Πgen, s)
=
∏
v∈S
LPSS(Πv, s)
LPSS(Πgen,v, s)
. (3)
At the place v = 2, the local factor Π2 is spherical by assumption and therefore locally
generic by Prop. 4.1. Now suppose there is at least one non-archimedean place w of
odd residue characteristic where the unitary local irreducible admissible representation
Πw is non-generic. By Prop. 3.6, the right hand side of (3) must have an arithmetic
progression (sk)k∈Z of poles sk = 1/2+ i(α+kβ) with β = 2π/ ln(pw) and some real α.
Since Π′ is not CAP, LPSS(Π
′, s) is holomorphic and this implies LPSS(Πgen, sk) = 0
for every k by (3). Hence, the partial L-function LS(Π, sk) vanishes at every sk for
sufficiently large S.
If Hypothesis 1.1 is true, there is a unitary idele class character µ of Q×\A× with
µw = 1 and there is some k ∈ Z with LS(Π, µ, sk) 6= 0 for the partial L-factor outside
of S. Since (µ ◦ sim) ⊗ Π is again cuspidal automorphic, the above argument gives
LS(Π, µ, sk) = 0 for every k. This is a contradiction.
Therefore Π is locally generic at every non-archimedean place v.
Conversely, a generic non-archimedean Πv is always paramodular [RS07]. In the situ-
ation of the theorem, Π′ is locally generic everywhere, so a result of Jiang and Soudry
[JS07, Corollary] implies
Π′ ∼= Πgen. (4)
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4.1 Weak endoscopic lift
A cuspidal automorphic irreducible representation Π of GSp(4,A), not CAP, is a weak
endoscopic lift if there is a pair of cuspidal automorphic irreducible representations
σ1, σ2 of GL(2,A) with the same central character, and local spinor L-factor
LPSS(Πv, s) = L(σ1,v, s)L(σ2,v, s) .
at almost every place [We09, §5.2].
Proposition 4.6. Suppose a paramodular cuspidal irreducible automorphic represen-
tation Π ∼= ⊗vΠv of GSp(4,AQ) is a weak endoscopic lift with local archimedean factor
Π∞ in the discrete series. Then Π is globally generic.
Proof. The automorphic representations σ1 and σ2 are locally tempered (Deligne), so
the local endoscopic lift Πv is also tempered [We09, §4.11]. At every non-archimedean
place v the local representation Πv is paramodular, hence locally generic by Lemma
3.2. The archimedean factor Π∞ is also generic[We09, Thm. 5.2]. Hence Π is globally
generic [We09, Thm. 4.1], [JS07].
5 Multiplicity one and strong multiplicity one
We show the multiplicity one theorem and the strong multiplicity one theorem for
paramodular cuspidal automorphic representations of GSp(4,AQ) under certain restric-
tions. It is well-known that strong multiplicity one fails without the paramodularity
assumption [HP83], [FT13].
Lemma 5.1. A cuspidal automorphic irreducible representation Π of GSp(4,AQ), that
is CAP and strongly associated to the Klingen parabolic subgroup, is never paramodular.
Proof. Every such representation is a theta lift Π = θ(σ) of an automorphic represen-
tation σ of GOT (AQ) for an anisotropic binary quadratic space T over Q, see Soudry
[S88a]. Let dT be the discriminant of T , then T is isomorphic to (K, t · NK) for the
norm NK of the quadratic field K = Q(
√−dT ) and a squarefree integer t. For a non-
archimedean place v of Q that ramifies in K, the norm form on Kw = K⊗Qv remains
anisotropic. The local Weil representation of GOT (Qv) × GSp(4,Qv) on the space
of Schwartz-Bruhat functions S(Kw × Kw × Q×v ) does not admit non-zero paramod-
ular invariant vectors; this can be shown by an elementary calculation. But then
the global Weil representation does not admit non-zero paramodular invariants either.
Since paramodular groups are compact, the functor of taking invariants is exact and
therefore the paramodular invariant subspace of Π = θ(σ) is zero.
Theorem 5.2 (Multiplicity one). Suppose Π = Π∞ ⊗ Πfin is a paramodular cuspidal
automorphic irreducible representation of GSp(4,A) with Π∞ in the discrete series and
such that Πv is spherical at the place v = 2. Assume that Hypothesis 1.1 holds. Then
Π occurs in the cuspidal spectrum with multiplicity one.
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Proof. If Π is neither CAP nor weak endocopic, let Π′ = ΠW
∞
⊗ Πfin as above, then
Π′ is globally generic by (4) and hence satisfies multiplicity one, see Jiang and Soudry
[JS07]. By Prop. 4.3 the multiplicity of Π in the cuspidal spectrum is then also one. If
Π is weak endoscopic, it occurs in the cuspidal spectrum with multiplicity one [We09,
Thm. 5.2].
Suppose Π is CAP. By Lemma 5.1 we can assume that Π is strongly associated to
the Borel or to the Siegel parabolic. Then it is a Saito-Kurokawa lift in the sense of
Piatetskii-Shapiro, and thus occurs with multiplicity one [PS83], [G08, (5.10)].
Theorem 5.3 (Strong multiplicity one). Suppose two paramodular automorphic cusp-
idal irreducible representations Π1, Π2 of GSp(4,AQ) are locally isomorphic at almost
every place. Assume that the archimedean local factors are either both in the generic
discrete series or both in the holomorphic discrete series of GSp(4,R). Assume that
the local factors at the place v = 2 are spherical and that Hypothesis 1.1 holds. Then
Π1 and Π2 are globally isomorphic.
Proof. Suppose Π1 and Π2 are not CAP. After possibly replacing the archimedean
factor by the generic constituent in its local L-packet, we can assume that both Π1
and Π2 are globally generic by (4) and Proposition 4.6. Strong multiplicity one for
globally generic representations has been shown by Soudry [S88b, Thm. 1.5].
If Π1 and Π2 are both CAP, they are strongly associated to the Borel or Siegel parabolic
by Lemma 5.1 and both occur via Saito-Kurokawa lifts in the sense of Piatetskii-
Shapiro [PS83]. For every local place v, the local factors Π1,v and Π2,v are non-generic
and belong to the same Arthur packet. At the non-archimedean places, they are
non-tempered by Lemma 3.2 and therefore isomorphic to the unique non-tempered
constituent in the packet. By assumption, the archimedean factors are in the dis-
crete series, so they are isomorphic to the unique discrete series constituent of the
archimedean Arthur packet.
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